In this paper, we study the relationship between LR-functions and MT -functions.
Introduction and preliminaries
Throughout this paper, we denote the sets of positive integers and real numbers by N and R, respectively. Let f be a real-valued function defined on R. For c ∈ R, we recall that lim sup In 2012, Du [2] established the following powerful characterizations of MTfunctions. (a) ϕ is an MT -function.
(e) For each t ∈ [0, ∞), there exist r
(g) ϕ is a function of contractive factor; that is, for any strictly decreasing sequence
Applying Theorem 1.2, we can easily verify that if ϕ : [0, ∞) → [0, 1) is a nondecreasing function or a nonincreasing function, then ϕ is a MT -function. So the set of MT -functions is a rich class.
In 1989, Mizoguchi and Takahashi [6] proved a celebrated generalization of Nadler's fixed point theorem by using MT -functions. [6] ). Let (X, d) be a complete metric space, ϕ : [0, ∞) → [0, 1) be a MT -function and T : X → CB(X) be a multivalued mapping, where CB(X) is the class of all nonempty closed and bounded subsets of X. Assume that
Theorem 1.3 (Mizoguchi and Takahashi
where H is the Hausdorff metric on CB(X). Then T admits a fixed point in X.
In this paper, we study a relationship between LR-functions (see Section 2 below) and MT -functions.
Main results
The following Lemmas are very crucial in this paper. Proof. We first prove (a). Let γ ∈ [0, ∞) and t n ↓ γ be given. Since f and g are lower semicontinuous from the right, we have
So we get lim inf
Since γ ∈ [0, ∞) is arbitrary, we shows that α is lower semicontinuous from the right on [0, ∞). Following a similar argument as in the proof of (a), we can show (b). 
So we have κ(t) t > a − ε for all t ∈ (0, δ 1 ) which implies
Hence we get lim sup
On the other hand, since
we obtain inf t∈(0,δ) κ(t) t < a + ε for all δ > 0.
For given δ > 0, there exists t δ ∈ (0, δ) such that
Thus we have sup
Combining (2.1) with (2.2), we obtain
The proof is completed.
In this paper, we introduce the concept of LR-functions.
is said to be an LR-function if the following are satisfied:
(ii) κ(t) ≤ t for all t > 0;
(iii) κ is lower semicontinuous from the right.
Example 2.4. The following are all LR-functions.
• κ 1 (t) = λt for all t ≥ 0, where λ ∈ (0, 1).
• κ 2 (t) = t 1+nt for all t ≥ 0, where n ∈ N.
• κ 3 (t) = ln(1 + t) for all t ≥ 0. (ii) 0 < κ(t) ≤ t for all t > 0;
The following interesting result will tell us how we can utilize an LRfunction to obtain an MT -function. 
is an MT -function.
is an LR-function, we know that 0 < κ(t) ≤ t for all t > 0. So
Hence ϕ is a function from [0, ∞) into [0, 1). Since κ is lower semicontinuous from the right on [0, ∞) and t → 
